We provide conditions which imply the continuity of the Lyapunov exponents for non-uniformly fiber-bunched cocycles in SL(2, R). The main theorem is an extension of the result of Backes, Brown and Butler and gives a partial answer to a conjecture of Marcelo Viana.
Introduction
The notion of Lyapunov exponents goes back to the work of A. M. Lyapunov in the late 19th century about the stability theory for differential equations. It was extended to the field of ergodic theory by the results of Fustenberg-Kesten [12] and Oseledets [17] . Lyapunov exponents also appear naturally in smooth dynamics through the concept of non-uniform hyperbolicity introduced by Pesin [18] .
The theory of Lyapunov exponents for linear cocycles grew into a very broad area and active field. In this work, we are concerned with the continuity of the Lyapunov exponents for linear cocycles in SL (2, R) . That is, we study how the Lyapunov exponents vary as functions of the cocycle.
Discontinuity of Lyapunov exponents is typical for continuous SL(2, R)-valued cocycles over an invertible base. This has been proved in Theorem C of [5] as a particular case of Mañé-Bochi's Theorem. More precisely, in [5] was shown that the only C 0 -continuity points of the Lyapunov exponents are the cocycles which are either uniformly hyperbolic or those with zero Lyapunov exponents.
Even though, discontinuity is a common feature, there are some contexts where continuity has been established. Bocker and Viana [6] and Malheiro and Viana [16] proved continuity of Lyapunov exponents for random products of 2-dimensional matrices in the Bernoulli and in the Markov setting. In higher dimension, continuity of the Lyapunov exponents for i.i.d. random products of matrices has been announced by Avila, Eskin and Viana [1] .
Still for 2-dimensional cocycles, Bocker and Viana [6] constructed an example of a locally constant cocycle with non-zero Lyapunov exponents that can be approximated in the Hölder topology by linear cocycles with zero Lyapunov exponents. Then, we cannot expect to have continuity of the Lyapunov exponents even if we consider higher regularity. Another counter-example in this setting has been constructed in [10] .
A few years ago, Backes, Brown and Butler [4] proved that the continuity of Lyapunov exponents holds when restricted to the realm of fiber-bunched Hölder cocycles over any hyperbolic system and for any ergodic probability measure with local product structure. The main feature that fiber-bunched cocycles exhibit is the existence of uniform invariant holonomies. In fact, the main theorem in [4] establishes that for continuous cocycles that admit uniform stable and uniform unstable holonomies, denoted by H s and H u respectively, we have the following:
In particular, their theorem extends [6] and [16] .
More recently, Viana and Yang [26] were able to prove the continuity of Lyapunov exponents in the C 0 topology for a subset of linear cocycles when the transformation in the base is a uniformly expanding map. In their statement, the cocycle has non-zero Lyapunov exponents and it is not uniformly hyperbolic. This means that the Mañé-Bochi phenomenon cannot be generalized to the non-invertible setting. The main observation is that given a uniformly expanding map, we can consider its natural extension and the lift of the cocycle. This new cocycle always admits a uniform stable holonomy. Therefore, the theorems in [26] suggest that the hypotheses in [4] can be relaxed: we may only need to ask for the existence of a single uniform holonomy.
Conjecture (Conjecture 6.3 of [25] ).
The results in the present work give a partial answer to this conjecture. More precisely, we prove that the conjecture is true if the cocycleÂ is Hölder continuous and non-uniformly fiber-bunched. This notion was introduced in [23] and implies the existence of holonomies with weaker properties than the uniform ones.
In the following theorem the map in the base is a hyperbolic homeomorphism andμ is an ergodicf -invariant probability measure with local product structure and fully supported. We refer the reader to next section for the precise definitions.
Theorem A. LetÂ be a Hölder SL(2, R)-valued linear cocycle such thatÂ is non-uniformly fiber-bunched and admits a uniform stable holonomy. Consider a sequence (Â k , H s,k ) such thatÂ k →Â in the Hölder topology and H s,k → H s in the C 0 topology. Then, λ + (Â k ) → λ + (Â).
It is possible to obtain an analogous result for cocycles admitting only a uniform unstable holonomy applying Theorem A to (f −1 ,Â −1 ).
In particular, the theorem above shows that the Lyapunov exponents of nonuniformly fiber-bunched Hölder cocycles over a uniformly expanding map vary continuously with the cocycle.
Although, the non-uniform fiber-bunching condition in the hypotheses of Theorem A implies the existence of some kind of unstable holonomy forÂ, this new type of holonomy does not share the uniform properties needed to apply the argument in [4] . Several results need to be extended to our context in order to conclude the theorem.
Observe that compared with the conjecture, Theorem A asks for higher regularity in the cocycle. This is the case, because in the C 0 topology, non-uniform fiberbunching does not implies the existence of non-uniform holonomies. Moreover, if the sequence {Â k } converges toÂ in the Hölder topology, then the non-uniform holonomies exist for everyÂ k and they are continuous with the cocycle. This is a key property in the proof of the theorem. More precisely, it is enough to have that {Â k } converges toÂ in the C 0 topology and there exists C > 0 such that the Hölder constant ofÂ k , H(Â k ), verifies H(Â k ) < C for every k ∈ N.
We remark that the existence of a uniform stable holonomy in Theorem A cannot be removed. In fact, the example of discontinuity in [6] can be taken to be nonuniformly fiber-bunched. Therefore, we cannot expect continuity of the Lyapunov exponents to hold in the space of non-uniformly fiber-bunched cocycles without some extra hypotheses.
In the following theorem, which is a consequence of the results developed to prove Theorem A, we analyze the particular case of locally constant cocycles. Let f be the left-shift map andμ be a fully supported Bernoulli measure.
Theorem B. LetÂ be a Hölder SL(2, R)-valued linear cocycle such thatÂ is nonuniformly fiber-bunched, locally constant and irreducible. IfÂ k →Â in the Hölder topology, then λ + (Â k ) → λ + (Â).
We refer the reader to the next section for the precise definitions, but we remark that irreducibility is a C α dense condition among locally constant cocycles, see for example Theorem 7.12 of [23] . This shows that the example of discontinuity in [6] is not typical among non-uniformly fiber-bunched cocycles.
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Preliminaries and statements
In this section we provide the necessary definitions to give the precise statements of the theorems. Without loss of generality, we consider the map in the base as being a sub-shift of finite type.
Let Q = (q i,j ) 1≤i,j≤d be a matrix with q i,j ∈ {0, 1}. The sub-shift of finite typê Σ associated to the matrix Q is the subset of the bi-infinite sequences {1, ..., d} Z satisfyingΣ = {(x n ) n∈Z : q xnxn+1 = 1 for every n ∈ Z}.
We require that each row and column of Q contains at least one non-zero entry. For any ρ ∈ (0, 1), we define a metric d ρ inΣ by
where N (x,ŷ) = max{N ≥ 0; x n = y n for every |n| < N }. Since the topologies given by the different distances d ρ are equivalent, from now on we consider ρ fixed. Letf :Σ →Σ be the left-shift map defined byf (x n ) n∈Z = (x n+1 ) n∈Z . The map f is a hyperbolic homeomorphism such that for every (x n ) n∈Z ∈Σ the local stable and unstable sets are given by W s loc (x) ={(y n ) n∈Z ∈Σ : y n = x n with n ≥ 0}, W u loc (x) ={(y n ) n∈Z ∈Σ : y n = x n with n ≤ 0}. Let σ = 1/ρ where ρ is the constant in the definition of the distance. Observe that σ is the expansion rate off .
It is possible to expressΣ locally as a product space if we consider the positive and the negative coordinates separately. Define Σ u ={(x n ) n≥0 : q xnxn+1 = 1 for every n ≥ 0} Σ s ={(x n ) n≤0 : q xnxn+1 = 1 for every n ≤ −1}.
We denote by P u :Σ → Σ u and P s :Σ → Σ s the projections obtained by dropping the negative and the positive coordinates, respectively, of a sequence inΣ.
For
Definition 2.1. Anf -invariant measureμ has local product structure if there exists a continuous function ψ :Σ → (0, ∞) such that for each i ∈ {1, ..., d},
Then, by Rokhlin [20] , there exists a disintegration ofμ into conditional probabilities {μ
. The lemma below is a well known consequence of the local product structure of the measure, see for instance [8] .
Lemma 2.2. Assumeμ has local product structure. Then, the measureμ has a disintegration into conditional measures {μ x } x∈Σ u that vary continuously with x in the weak- * topology. In fact, for every x, y ∈ Σ u in the same cylinder [0; i], h x,y : (W s loc (x),μ x ) → (W s loc (y),μ y ) is absolutely continuous, with Jacobian R x,y depending continuously on (x, y).
Linear Cocycles.
LetÂ :Σ → SL(2, R) be a continuous map. The linear cocycle defined byÂ is the skew-product overf , FÂ :
Since the base is fixed, from now on, we identifyÂ with FÂ and refer toÂ as a linear cocycle itself.
For n ≥ 0, letÂ
For a matrix B ∈ SL(2, R) define B = sup v =1 Bv , where we are considering the usual norm in R 2 . By Furstenberg-Kesten [12] , for a continuous mapÂ :Σ → SL(2, R) and anyf -invariant probability measureμ, Both λ + (Â,x) and λ − (Â,x) are called extremal Lyapunov exponents ofÂ. They aref -invariant maps, thus whenμ is ergodic they are constantμ-almost everywhere. In that case, we denote them as λ + (Â) and λ − (Â). Since the cocycle takes values in SL(2, R), we have λ + (Â) + λ − (Â) = 0.
Moreover, for a fixed ergodic measureμ, Lemma 9.1 of [24] states that the mapŝ A → λ + (Â) andÂ → λ − (Â) are upper and lower semi-continuous, respectively, in the C 0 topology.
Defined the set Ω s = {(x,ŷ) ∈Σ ×Σ :ŷ ∈ W s loc (x)}. 
A uniform unstable holonomy forÂ is defined analogously for points in the same local unstable set. We use the expression uniform invariant holonomies to refer to both uniform stable and uniform unstable holonomies.
Fixed a distance d ρ inΣ, the set of α-Hölder mapsÂ :Σ → SL(2, R) is denoted by S α (Σ, 2). We equip this space with the α-Hölder topology given by the distance
where H α (Â) is the smallest constant C > 0 such that
We say thatÂ ∈ S α (Σ, 2) is α-fiber-bunched if there exists an N > 0 such that for everyx ∈Σ,
Here ρ is the constant in the definition of the distance d ρ .
The main property of α-fiber-bunched cocycles is that they admit uniform invariant holonomies. For a proof of this fact we refer the reader to [7] .
The following definition generalizes the notion of fiber-bunched mentioned above. However, it still allow us to prove the existence of invariant holonomies in a nonuniform sense. See Section 3.
Definition 2.4. Letμ be an ergodic probability measure off . We say thatÂ ∈ S α (Σ, 2) is non-uniformly fiber-bunched if the extremal Lyapunov exponents ofÂ satisfy
where σ = 1 ρ is the expansion rate off .
We observe that when we consider less regular cocycles, the upper bound for the top Lyapunov exponent λ + (Â) decreases. Moreover, non-uniform fiber-bunching is a C 0 -open condition.
As the uniform invariant holonomies may not be unique (see, for example, Corollary 4.9 of [14] ), we consider the cocycle and one of its holonomies in pairs. More precisely, H s α is the set of pairs (Â, H s ) whereÂ ∈ S α (Σ, 2) and H s is a uniform stable holonomy forÂ.
Consider H s α with the topology given by the inclusion
). This means that a sequence {(Â k , H s,k )} k∈N converges to (Â, H s ) in H s α ifÂ k →Â in the α-Hölder topology and the uniform stable holonomy converges uniformly in every local stable set.
Statement of the theorems.
With the previous definitions it is now possible to give the precise statement of the theorems.
For the following result we consider (f ,μ) in the base, wheref is a sub-shift of finite type andμ is an ergodicf -invariant probability measure with local product structure and fully supported. This class of measures includes the equilibrium states of Hölder continuous potentials [9] and fully supported Bernoulli measures whenf is a Bernoulli shift.
We remark thatf needs to be transitive in order to admit a probability measurê µ as above.
Theorem A. LetÂ ∈ S α (Σ, 2) be a non-uniformly fiber-bunched cocycle which admits a uniform stable holonomy.
Let (M ,f ) be a Bernoulli shift. That is,M =Σ and the matrix Q that defineŝ Σ has all its entries equal to 1. In this case, we consider the measureμ as a fully supported Bernoulli measure.
We say thatÂ :M → SL(2, R) is a locally constant cocycle if it only depends on the zeroth coordinate, that is,Â(x) = A(x 0 ) for some continuous function A : {1, ..., d} → SL(2, R).
A locally constant cocycleÂ is irreducible if there is no proper subspace of R 2 invariant under A(x 0 ) for every x 0 ∈ {1, ..., d}.
Theorem B. LetÂ ∈ S α (M , 2) be a non-uniformly fiber-bunched, locally constant and irreducible cocycle.
Observe that a locally constant cocycle is α-Hölder continuous for every α > 0. Therefore, Theorem B implies that if 2λ + (Â) < β log σ, thenÂ is a C α -continuity point of the Lyapunov exponents for every α ≥ β.
In the following we construct an example that verifies the hypotheses of Theorem B.
Define a locally constant cocycleB :M → SL(2, R) by the matrices
where η is a fixed constant greater than 1. Observe that λ + (B) = 0. Consider
such that θ n ∈ R \ Q and θ n → π 2 when n → ∞. LetB n :M → SL(2, R) be the locally constant cocycle defined by B 0 and B 1,n . Observe that for every n ∈ N, the cocycleB n is irreducible. In particular, by [11] ,
The continuity theorem of [6] implies that λ + (B n ) → 0 as n → ∞. Then, we can choose n big enough such that the cocycleB n is non-uniformly fiber-bunched and therefore satisfies the hypotheses of Theorem B.
We remark that the conclusion of Theorem B applied to Example 1 does not follow from the continuity results of either [4] or [6] .
Non-uniform invariant holonomies
In this section, we consider a weaker version of the holonomies introduced in Definition 2.3. In particular, for non-uniformly fiber-bunched cocycles we are able to construct this type of invariant holonomies and to prove that they vary continuously with the cocycle.
Recall that we considerf as a sub-shift of finite type,μ a fully supported ergodic probability measure andÂ ∈ S α (Σ, 2). The hypothesis ofμ having local product structure is not used in this section. 
and there exists an increasing sequence {D s l } l∈N of compact subsets such that l D s l = M s and for every l ∈ N,
A non-uniform unstable holonomy forÂ is defined analogously for points in the same local unstable set. We use the expression non-uniform invariant holonomies to refer to both non-uniform stable and non-uniform unstable holonomies.
More precisely, item (c) states that for every l ∈ N and every ǫ > 0 there exists
Observe that the continuity of H s depends on the set D s l , therefore the constant δ l > 0 can be decreasing when l increases. This is one of the main difficulties when working with Definition 3.1.
In particular, item (c) implies that
∈ Ω s . We call invariant holonomies both the uniform invariant holonomies as in Definition 2.3 and the non-uniform invariant holonomies as above.
From now, in order to simplify the notation we restrict to the case α = 1, that is,Â ∈ S 1 (Σ, 2) and therefore,Â is a non-uniformly fiber-bunched cocycle if 2λ + (Â) < log σ. We denote H s 1 = H s . The general case for 0 < α < 1 is analogous. We use the next definition to prove the existence of non-uniform invariant holonomies. This is a consequence of the results in [23] .
It is possible to construct the linear isomorphisms H ŝ y,ẑ as in Definition 3.1 for the elements in D sÂ (N, θ).
Recall that ρ is a fixed constant associated to the distance d ρ and then ρ is the contraction rate off and σ = 1/ρ is the expansion rate off . Proof. Define H n y,ẑ =Â n (ẑ) −1Ân (ŷ). In order to prove that the limit exists, it is enough to demonstrate that {H n y,ẑ } is a Cauchy sequence. By Lemma 2.6 of [23] we have that there exist C 0 = C 0 (Â, N ) > 0 such that
Therefore,
here C 1 depends on the Lipschitz constant ofÂ. Since θ < log σ, we conclude that {H ŝ y,ẑ } is a Cauchy sequence. Observe that Equation (2) implies the following inequality,
In particular, we have H ŝ y,ẑ − Id ≤ Cd(ŷ,ẑ).
The next proposition gives sufficient conditions to guarantee the existence of non-uniform invariant holonomies.
Proof. Corollary 2.4 in [23] states that if θ verifies
Moreover, the subsets D sÂ (N, θ) satisfy:
Therefore, we can define a sequence of compact subsets {D sÂ ,l } such that D sÂ ,l ⊂ D sÂ ,l+1 andμ(D sÂ ,l ) → 1 when l → ∞. In order to verify this, we observe that for each l ∈ N there exists k l such that
,l , then by Proposition 3.3, we conclude that the sets D sÂ ,l verify all properties in Definition 3.1. Observe that the continuity required in item (c) follows by Equation (3).
If we apply the same argument to (f −1 ,Â −1 ), we obtain subsets D û A,l that allow us to conclude that there also exists a non-uniform unstable holonomy forÂ.
We remark that the non-uniform invariant holonomies constructed in Proposition 3.4 satisfy stronger properties that the ones in Definition 3.1. By Proposition 3.3, we have that there exists
Definition 3.5. We call stable holonomy blocks forÂ to the increasing sequence of compact sets D sÂ ,l = D sÂ (N l , θ) as in the proof of Proposition 3.4. Analogously, we refer to {D û A,l } as unstable holonomy blocks forÂ.
SupposeÂ satisfies the hypotheses of Proposition 3.4 and {Â k } k∈N is a sequence of cocycles such thatÂ k →Â in the Lipschitz topology. Since, λ + is upper semicontinuous, then
Therefore, we also have non-uniform invariant holonomies for everyÂ k .
In the following proposition we show that the non-uniform invariant holonomies, given by Proposition 3.4, are continuous as a function ofÂ. The precise statement and proof are given for the non-uniform stable holonomy, but they are analogous for the non-uniform unstable one. 
We assume that θ in Definition 3.5 was taken to be uniform in U l , that is θ =θ.
For any sequence {Â k } k∈N converging toÂ in the Lipschitz topology, there exists k l such thatÂ k ∈ U l if k ≥ k l . Therefore, by Proposition 3.3 the holonomies H s,k y,ẑ are defined for everyÂ k with k ≥ k l and for anyx ∈ D sÂ ,l . Let n ∈ N and k ≥ k l . Define H n y,ẑ =Â n (ẑ) −1 •Â n (ŷ) and H n,k y,ẑ =Â n k (ẑ) −1 •Â n k (ŷ). By Equation (3), we know that there exists C 0 > 0 and C k > 0 such that, H ŝ y,ẑ − H n y,ẑ ≤ C 0 d(ŷ,ẑ)e n(θ−log σ) and H s,k y,ẑ − H n,k y,ẑ ≤ C k d(ŷ,ẑ)e n(θ−log σ) . In the equation above the constants C 0 and C k depend on l and the Lipschitz constant ofÂ andÂ k , respectively. Therefore, they can be chosen to be uniform in U l .
Summarizing, there exists C > 0 such that,
Since H n y,ẑ varies continuously with the cocycle, the proposition follows.
Invariance Principle
One of the main tools in the proof of our results is the Invariance Principle, which was first developed by Furstenberg [11] and Ledrappier [15] for random matrices and was extended by Bonatti, Gómez-Mont, Viana [7] to linear cocycles over hyperbolic systems and by Avila, Viana [3] and Avila, Santamaria, Viana [2] to general (diffeomorphisms) cocycles. In [3] the base dynamics is still assumed to be hyperbolic, whereas in [2] , it is taken to be partially hyperbolic and volume-preserving.
In the following, we state a version of the Invariance Principle for non-uniform invariant holonomies. This context has been considered before in [23] for a single stable holonomy block D sÂ ,l as in Definition 3.5. GivenÂ ∈ S 1 (Σ, 2) define the projectivization of the skew-product FÂ,
In order to simplify the notation, we denote P(FÂ) = P(Â) and [v] = P(v).
Let π :Σ × P 1 →Σ be the canonical projection to the first coordinate. We study the P(Â)-invariant probability measuresm such that π * m =μ. Since P(Â) is a continuous map defined on a compact space, we have that such measures always exist.
In this context, by Rokhlin [20] , there exists a disintegration ofm into conditional probabilities {mx}x ∈Σ along the fibers which is essentially unique, that is, a measurable family of probability measures such thatmx({x} × P 1 ) = 1 forμ-almost everyx ∈Σ andm
If H s and H u are invariant holonomies forÂ, we can define invariant holonomies for P(Â) as h ŝ
x,ŷ = P(H ŝ x,ŷ ) and h û x,ŷ = P(H û x,ŷ ). The following definition gives a relation between these holonomies and the disintegration ofm. The definition of s-state is stated analogously. If a measure is simultaneously a u-state and an s-state, we call it su-state.
Observe that the definition above depends only of a full measure set ofΣ, then the same definition can be used for uniform invariant holonomies as in Definition 2.3 or non-uniform invariant holonomies as in Definition 3.1.
If λ + (Â) = 0, thenÂ is a non-uniformly fiber-bunched cocycle and therefore by Proposition 3.4 there exist non-uniform invariant holonomies forÂ, H s and H u . We remark that in this case a stronger version of Proposition 3.4 can be proved and all properties in Definition 3.1 hold true for every j ≥ 1 and everŷ f j (ŷ),f j (ẑ) ∈ W s loc (f j (x)). In this case, we denote h s = P(H s ) and h u = P(H u ). Recall that D sÂ ,l has been described in Definition 3.5. Proof. By Proposition 4.2, we get that for each i ∈ {1, .., d} and l ∈ N there is a disintegration {mẑ} and a full measure subset E s l of D sÂ ,l ∩ [0; i], that satisfŷ mẑ 2 = h ŝ z1,ẑ2 * mẑ 1 for everyẑ 1 ,ẑ 2 ∈ E s l in the same local stable set. We want to find a disintegration {mẑ} invariant by the non-uniform stable holonomy in a full measure set ofΣ.
Initially 
In order to prove the invariance of the disintegration by the nonuniform stable holonomy in E s , it is enough to chooseẑ 1 ,ẑ 2 ∈ E s in the same stable leaf and verifymẑ 2 = h ŝ z1,ẑ2 * mẑ 1 . As {E s l } is an increasing sequence of sets, there exists l such thatẑ 1 ,ẑ 2 ∈ E s l , and then, the definition of the disintegration implieŝ mẑ 2 =m lẑ 2 = h ŝ z1,ẑ2 * m lẑ 1 = h ŝ z1,ẑ2 * mẑ 1 . Proceeding this way in every [0; i], we obtain a disintegration inμ-almost every point inΣ. We conclude thatm is an s-state.
Applying the same argument to (f −1 ,Â −1 ) we obtain thatm is also a u-state.
Theorem 4.3 is also true if the cocycleÂ admits one uniform invariant holonomy and one non-uniform invariant holonomy. In this case, the proof follows from the argument above and Proposition 1.16 of [7] .
The following proposition is essential to prove Theorem A and the hypothesis of µ having local product structure is crucial here. Both the uniform stable holonomy and the local product structure ofμ allow us to use the non-uniform unstable holonomy to transport the disintegration ofm from a local unstable set to every point of the cylinder in a continuous way. The result is an extension of Theorem 6 in [7] , following the ideas of Proposition 4.8 of [3] . Proof. We start by considering the non-uniform unstable holonomy given by Proposition 3.4. By definition of su-state, there exist two disintegrations {m 1
x }x ∈Σ and {m 2
x }x ∈Σ ofm, and aμ-full measure subsetÛ i of [0; i] for every i ∈ {1, ..., d} such that
x =m 2 x for eachx ∈Û i (essential uniqueness of disintegration).
We consider l large enough such that the unstable holonomy block D u A,l of Definition 3.5 satisfies D û A,l ∩Û i = ∅ for each i ∈ {1, ..., d} and fixx ∈ D û A,l ∩Û i such that µ û x (W u loc (x) \Û i ) = 0. Here µ û x is the element of the disintegration ofμ relative to the unstable sets off . See the definitions before Lemma 2.2.
Definemx =m 1 x and
By (i)-(iii), we have thatmŷ =m 1 y =m 2 y for everyŷ ∈ W u loc (x)∩Û i andmẑ =m 2 z for everyẑ ∈ W s loc (ŷ) ∩Û i withŷ ∈ W u loc (x) ∩Û i . By the choice ofx and the fact thatμ has local product structure, the later corresponds to a full measure subset of pointsẑ ∈ [0; i]. In particular, {mẑ}ẑ ∈[0;i] is a disintegration form.
The continuity ofmẑ is a consequence of the fact thatẑ → h uŝ x,ẑ is a continuous map, where h uŝ
By the definition of the disintegration it is clear that it is invariant by both holonomies.
Limit of su-states
In this section we prove that being an su-state is a closed property in the set of non-uniformly fiber-bunched cocycles with the Lipschitz topology. This is used in the next section to give a characterization of discontinuity points of the Lyapunov exponents.
This property of su-states has already been proved in several contexts, for example, see Proposition 5.17 of [24] for a proof for locally constant cocycles and Lemma 4.3 of [4] and Corollary 2.3 of [21] for linear cocycles over hyperbolic maps. For linear cocycles over partially hyperbolic diffeomorphisms, it has been stated in Corollary 5.3 of [3] and a detailed proof can be found in Appendix A of [19] . In these results the holonomies that are considered are uniform invariant holonomies. Lemma 4.3 of [4] is more general that the next proposition. They allow the measure in the base to variate by taking a sequenceμ k . Since we do not have a complete control of the non-uniform invariant holonomies, we are not able to adapt their argument to our context. We use the proof in [19] to obtain a result for nonuniformly fiber-bunched cocycles. However, it is not possible to extend it to have a sequence of measures in the base.
We prove that being and s-state is a closed property. For u-states, it is sufficient to consider (f −1 ,Â −1 ). Proposition 5.1. LetÂ ∈ S 1 (Σ, 2) be a non-uniformly fiber-bunched cocycle. Suppose thatÂ k converges in the Lipschitz topology toÂ and letm k be an s-state for P(Â k ) projecting toμ. Ifm k converges tom in the weak- * topology, thenm is an s-state for P(Â).
Proof. By the semi-continuity of λ + , ifÂ is a non-uniformly fiber-bunched cocycle, then everyÂ k has a non-uniform stable holonomy defined in the stable holonomy blocks D sÂ ,l of Definition 3.5. See Proposition 3.6. We begin by fixing l 0 ∈ N large enough such that D sÂ ,l0 ∩ [0; i] = ∅ for each i ∈ {1, ..., d}. By the construction of the sets D sÂ ,l , the same property is true for every l ≥ l 0 .
We fixx i ∈ [0; i] for each i ∈ {1, ..., d}. For every l ≥ l 0 , define
.., d}}. Therefore, the elements in B l are the measurable sets E such that for eachẑ and j, either E contains W s loc (ẑ) or it is disjoint from it. We fix l ≥ l 0 and for each k ∈ N define the map
Here h s,k is the projectivization of H s,k and hence it is an stable holonomy for P(FÂ k ). By the definition of the sets D i,l and Proposition 3.4, we know that h k is well defined. Analogously, we define h. By Proposition 3.6, we get that h We want to prove that m k → m in the weak- * topology. Then, we have to show that ϕ dm k → ϕ dm for every continuous and bounded function ϕ :Σ× P 1 → R.
By the definition of m k , we get that
In order to bound the first term in the last line of Equation (5), it is enough to observe that for every k ∈ N,
and also that ϕ k converges to ϕ, because h k y → hŷ uniformly. Therefore, given ε > 0, there exists k 0 > 0 such that for every k ≥ k 0 ,
Finally, in order to bound the second term in Equation (5), we observe that ϕ(ŷ, v) is measurable as a function ofŷ, thus there exist a continuous function
such that sup |ψ| ≤ sup |ϕ| and a compact set K with µ(Σ \ K) < ε 4 sup |ϕ| such that ψ(ŷ, v) = ϕ(ŷ, v) for (ŷ, v) ∈ K × P 1 . Asm k →m in the weak- * topology, for k ∈ N large enough, we get that
which concludes the proof of m k → m.
Next we show thatŷ → m k y is B l -measurable and as m k → m weakly- * , this implies thatŷ → m is also B l -measurable.
Proof. Fix l ≥ l 0 . We need to proof that given any continuous and bounded function ϕ :
Becausem k is an s-state, the definition of m k guarantees that 
. We have proved that Φ k is B l -measurable, and thenŷ → m k y is also B l -measurable.
Proof. First, we prove thatŷ → Φ k (ŷ) = ϕ(v) dm k y converges in the weak topology of L 2 (μ) to Φ(ŷ) = ϕ dmŷ. With that purpose, let ψ :Σ → R be a continuous bounded function and observe that
Because ψ(ŷ)ϕ(v) is also a continuous function and m k → m in the weak- * topology, we get that
Then, as continuous bounded function are dense in L 2 (μ), Φ k converges weakly to Φ.
By hypothesis, we know that Φ k is B l measurable mod 0 for each l ≥ l 0 and we have to prove that Φ also is.
Since the space K ⊂ L 2 (μ) of B l −measurable functions is convex and close. Then, if Φ ∈ K, by the Hahn-Banach theorem, there exists ξ ∈ L 2 (μ) such that ξψ dm = 0 for all ψ ∈ K and ξΦ dμ > 0. Since, 0 = ξΦ k dμ → ξΦ dμ, we get a contradiction.
Finally, we conclude thatŷ → Φ(ŷ) = ϕ dmŷ is B l -measurable mod 0 for each l ≥ l 0 .
In order to finish the proof of the proposition, we prove that ifŷ → mŷ is B l -measurable for l ≥ l 0 , thenm is an s-state.
Sinceŷ → mŷ is B l -measurable mod 0, then for each l ≥ l 0 , there exists a full
Then, there is a full measure set E s = E s l , satisfying that ifŷ ∈ E s , thenŷ ∈ E s l for some l, and as W s loc (ŷ) ⊂ E s l mod 0, we obtain that (h ŝ z1,ẑ2 ) * mẑ1 =mẑ 2 witĥ z 1 ,ẑ 2 ∈ W s loc (ŷ) mod 0.
Characterization of discontinuity points
We say that a linear cocycleÂ ∈ S 1 (Σ, 2) is a discontinuity point of the Lyapunov exponents, if there exists a sequence {Â k } k∈N such thatÂ k converges toÂ in the Lipschitz topology and λ + (Â k ) does not converges to λ + (Â).
In this section, we use P(Â)-invariant probabilities measures to provide a characterization of these discontinuity points.
By the semi-continuity of λ + (·) and λ − (·), ifÂ is a discontinuity point of the Lyapunov exponents, then λ − (Â) < 0 < λ + (Â). Let R 2 = E s,Â Indeed, one only has to note that every compact subset of P 1 disjoint from {P(E s,Â ), P(E u,Â )} accumulates on P(E u,Â ) in the future and on P(E s,Â ) in the past.
The following characterization of discontinuity points was firstly introduce for fiber-bunched cocycles in [3] . In our statement it is only required for the cocycle to be non-uniformly fiber-bunched. Even thought the proof is the same as in [3] , we introduce it in here because it exhibit where Proposition 5.1 is needed. Proposition 6.2 (Proposition 6.3, [3] ). LetÂ ∈ S 1 (Σ, 2) be a non-uniformly fiberbunched cocycle. IfÂ is a discontinuity point of the Lyapunov exponents, then every P(Â)-invariant probability measurem projecting toμ is an su-state.
Proof. By the upper semi-continuity of λ + (·), passing to a subsequence we may assume lim k→∞ λ + (Â k ) < λ + (Â). For each k ∈ N, there exists an ergodic P(FÂ k )invariant probability measurem k projecting toμ such that (7) λ
If λ + (Â k ) = 0, then any P(Â k )-invariant probability measurem k projecting toμ satisfies Equation (7) and by Theorem 4.3 is an sustate. If λ + (Â k ) > 0, we takem k = δ P(E u,k x ) dμ, then it satisfies Equation (7) and it is a u-state. Consequently, 
is a u-state and therefore an su-state. Analogously, using λ − (Â), we conclude thatm u is an s-state. Then, Proposition 6.1 concludes the statement.
Measures induced by u-states
Recall that Σ u = {(x n ) n≥0 : q xnxn+1 = 1 for every n ≥ 0} is the set of sequences with only positive coordinates, P u :Σ → Σ u is the projection and for x ∈ Σ u , W s loc (x) = (P u ) −1 (x).
We introduce a type of measures on Σ u × P 1 that are induced by measures in Σ × P 1 . For these measures it is possible to identify some geometric properties that are enunciated next. 
If {mx}x ∈Σ is a disintegration ofm along the fibers and {μ x } x∈Σ u is a disintegration ofμ as in Lemma 2.2, then for
is a disintegration of m along the fibers of Σ u × P 1 .
We remark that the unstable holonomy in item (i) of Definition 7.1 can be either uniform as in Definition 2.3 or non-uniform as in Definition 3.1. The first case has been studied in Section 4.3 of [4] . In the following we focus on the second case. Notice that we are only asking for the holonomy to satisfy Definition 3.1, we do not required for the cocycle to be non-uniformly fiber-bunched neither the holonomy to be given by Proposition 3.4. Observe that the sets C i,l do not depend of the choice ofx i and D u l ∩ [0; i] ⊂ C i,l . In the following,μ x denotes the disintegration ofμ along W s loc (x), x ∈ Σ u , as in Lemma 2.2.
Let ϕ : P 1 → R be a continuous function and consider x, y ∈ Σ u in the same cylinder [0; i], then
Asμ
where C = sup |ϕ|. By item (c) in Definition 3.1, we have that h û x,ŷ − Id is uniformly small when x,ŷ are close,x,ŷ ∈ W u loc (ẑ) andẑ ∈ C i,l . Then, let ε > 0 and set l such that 4 sup |ϕ| ε < l, by Lemma 2.2, we can choose δ > 0, such that if d(x, y) < δ, then the expression R x,y − 1 L 1 is small and thus ϕ • h u x,y · R x,y (x) − ϕ < ε 2 , concluding that ϕdm x − ϕdm y < ε.
We want to apply this proposition to cocycles that satisfy the hypotheses of Theorem A. Therefore, letÂ ∈ S 1 (Σ, 2) be a non-uniformly fiber-bunched cocycle which admits a uniform stable holonomy.
The following construction is due to Corollary 1.15 of [7] . SinceÂ is a non-uniformly fiber-bunched cocycle, Proposition 3.4 implies the existence of a non-uniform unstable holonomy H u forÂ.
Let A be the cocycle defined by Equation (8) . We claim that A admits a nonuniform unstable holonomy H u . In order to prove this, we consider theμ-full measure set M u in Definition 3.1 andŷ,ẑ ∈ W u loc (x) withx ∈ M u , then define
,ŷ , where H s denotes the uniform stable holonomy ofÂ and g(·) has been defined above. Notice that H u verifies item (a)-(c) in Definition 3.1.
Givenm a P(Â)-invariant probability measure projecting toμ, we construct a new measure m which is a P( A)-invariant probability measure also projecting toμ. Let {mx} be a disintegration ofm, define, Here h s = P(H s ).
Observe that ifm is a u-state for (Â, H u ), then m is a u-state for ( A, H u ). If (Â k , H s,k ) → (Â, H s ) in H s and A k denotes the cocycle obtained by Equation (8) applied toÂ k and H s,k , then A k → A in the C 0 topology and A k admits a non-uniform unstable holonomy H u,k for every k ∈ N. By Proposition 3.6, we know that fixed l ∈ N, there exists k l ∈ N such that the continuity in item (c) of Definition 3.1 can be taken to be uniform for H u and H u,k for every k ≥ k l .
Letm k be u-states forÂ k such thatm k →m in the weak- * topology. Then, by Proposition 5.1,m is a u-state forÂ. Define m k and m by Equation (9) Recall thatf is a sub-shift of finite type andμ is an ergodicf -invariant probability measure with local product structure and fully supported.
Theorem A. LetÂ ∈ S 1 (Σ, 2) be a non-uniformly fiber-bunched cocycle which admits a uniform stable holonomy.
Applying the results obtained in Section 7, we are able to extend the argument of [4] to conclude Theorem A. However, we use this approach only on the second part of the proof. For the first part, more precisely for Case I below, we use a new strategy which we consider more efficient since shows clearly which hypotheses are absolute necessary and which ones can be weakened. For example, we remark that it is enough to have the non-uniform unstable holonomy defined only in finite set of points. This observation can be useful in order to prove the general conjecture of Viana.
Proof of Theorem A. We prove the result by contradiction. That is, suppose that the sequence (Â k , H s,k ) verifiesÂ k →Â in the Lipschitz topology and H s,k converges uniformly to H s , but λ + (Â k ) does not converges to λ + (Â). In particular, this implies λ − (Â) < 0 < λ + (Â). For every k ∈ N, we denote bym k the ergodic measure that verifies (10) λ
We refer the reader to the proof of Proposition 6.2 for an argument that implies the existence of these measures. Proposition 4.4 gives us a property about su-states which allows us to understand better the nature of these measures. Thus, the proof of Theorem A is divided into two cases. First, we study the case where there exists a subsequence j k such that m j k is an su-state for every k ∈ N. For the second case we assume that there exists k 0 ∈ N such thatm k is not an su-state for every k ≥ k 0 . In order to simplify the notation in the first case, we denotem j k asm k .
Case I:m k are su-states. By Kalinin [13] , we know that there exists a periodic pointp off such thatÂ np (p) is hyperbolic, where n p = per(p).
Let ip be the element in {1, ..., d} such thatp ∈ [0; ip] and let a = P(E 1 ) and r = P(E 2 ), where E 1 and E 2 are the subspaces of R 2 associated to the eigenvalues ofÂ np (p).
Letm u andm s be the measures defined by Equation (6). That is,m u andm s are supported on the Oseledets subspaces associated to λ + (Â) and λ − (Â) respectively. By Proposition 4.4 and Proposition 6.2, they admit continuous disintegrations satisfying thatm û z = δ aẑ andm ŝ z = δ rẑ , which implies that the mapsẑ → aẑ and z → rẑ are continuous. In particular,m û p = δ a andm ŝ p = δ r . Therefore, the sets M + = {(ẑ, aẑ)}ẑ ∈Σ and M − = {(ẑ, rẑ)}ẑ ∈Σ are compact and disjoint. In particular, there exists an ε > 0 such that
Since hyperbolicity is an open condition andÂ k converges toÂ, for k large enough,Â np k (p) is also hyperbolic. We denote as {a k , r k } the elements of P 1 defined by the subspaces of R 2 associated to the eigenvalues ofÂ np k (p). Then, we have that a k → a and r k → r.
Applying Proposition 4.4 to the measuresm k , we obtain that eachm k admits a disintegration {m k z }ẑ ∈Σ such thatẑ →m k z is continuous and invariant by the holonomies.
As a consequence of the ergodicity ofμ, we know that for each i ∈ {1, ..., d} \ {ip} there exists j i > 0 such thatf ji ([0; ip]) ∩ [0; i] is a positive measure set. For every i ∈ {1, ..., d} \ {ip} define j i as the smaller integer with this property and for i = ip consider j i = 0.
Let l be large enough such that the unstable holonomy block ofÂ in Definition
We considerm k =m u k and conclude that λ + (Â k ) converges to λ + (Â), which it is not possible sinceÂ is a discontinuity point of the Lyapunov exponents.
In the following, we prove thatm k →m u in the weak- * topology. Take any continuous bounded function ϕ :Σ × P 1 → R and define ψ k (ẑ) := ϕ(ẑ, a k z ) for every k ∈ N. Analogously, define ψ using aẑ instead of a k z . Thus, we obtain a collection of continuous functions that satisfy that for eachẑ ∈Σ,
As a k z → aẑ uniformly inΣ, we get that ψ k (ẑ) → ψ(ẑ), then the dominated convergence theorem implies that
Finally, using Equation (10) and the definition ofm u , we have
Ifm k =m s k , then the same argument as above shows that λ + (Â k ) = 0 = λ − (Â k ) and it converges to λ − (Â). This concludes that λ + (Â) = 0 = λ − (Â) which again is not possible.
Therefore, we have established that Case I is not compatible withÂ being a discontinuity point of the Lyapunov exponents.
Case II:m k are not su-states for every k ≥ k 0 . This second case is divided in two parts.
Part I. We want to apply the results of Section 7 to this context. LetÂ andÂ k be the cocycles in the statement of Theorem A. Recall that for every k ∈ N,m k is an ergodic measure that verifies Equation (10) . We can assume without loss of generality thatm k converges in the weak- * topology to some measurê m. Observe thatm is a P(Â)-invariant probability measure projecting toμ and by Proposition 6.1, there exists α = 1 such thatm = αm u + (1 − α)m s .
Let A and A k defined by Equation (8) applied to (Â, H s ) and (Â k , H s,k ) respectively.
For every k ∈ N, we consider the measure m k defined by Equation (9) In order to prove the proposition above, we need the next two lemmas from [8] .
Lemma 8.2 (Lemma 5.2 in [8] ). If there exists x ∈ Σ u such that m k x is atomic, then there exists γ k > 0 such that for every y ∈ Σ u , there exists v k y ∈ P 1 such that the measure m k y satisfies γ k = m k y (v k y ) > 0. The lemma above implies that if one element of the disintegration has an atom, then every other element of the disintegration also has an atom. Observe that γ k does not depend on y.
. Proof of Proposition 8.1. Suppose, by contradiction, that there exist k ≥ k 0 and x ∈ Σ u such that m k x is an atomic measure. By Theorem 4.3 and the assumption ofm k not being a su-state, we have that λ + (Â k ) > 0. Therefore,m k = δ P(E u,k x ) dμ. Since m k is defined by Equation (9), any disintegration of m, { m k x }, verifies that m k x has only one atom for almost everyx ∈Σ. This last observation combined with Lemma 8.2 and Lemma 8.3 shows that γ k is equal to 1 and there exists a full measure subset E ofΣ, such that mx = mŷ for everyx,ŷ ∈ E such that P u (x) = P u (ŷ).
Letx,ŷ ∈ E such thatŷ ∈ W s loc (x) and define g(·) as in Section 7. Therefore, by Equation (9) This last equation implies thatm k is an s-state, and therefore an su-state which contradicts the assumption in Case II. This contradiction arises from the assumption that there exist k ≥ k 0 and x ∈ Σ u such that m k x is an atomic measure, then the proposition follows.
✷ Summarizing, we suppose that (Â k , H s,k ) → (Â, H s ) in H s , but λ + (Â k ) does not converges to λ + (Â). Moreover, we assume that there exist k 0 ∈ N such that the ergodic measuresm k that satisfy Equation (10) are not su-states for every k ≥ k 0 andm k →m in the weak- * topology. By Proposition 6.1,m = αm u + (1 − α)m s with α = 1 and by Proposition 6.2,m is an su-state.
Applying Equation (8) to (Â, H s ) and (Â k , H s,k ) for every k ∈ N, we get linear cocycles A, A k : Σ → SL(2, R) which are constant along local stable sets. This implies that there exist cocycles A, A k : Σ u → SL(2, R) such that A = A • P u , A k = A k • P u and A k → A in the C 0 topology. Moreover, λ + (Â) = λ + (A).
If m k and m are defined by Equation (9) At this point, the argument follows in the same way as in [4] , more precisely the results in Section 7 of [4] conclude the proof of Theorem A. We provide a brief introduction of the method they use but we do not repeat the proof here.
Part II: The energy method. The energy method was first introduced by Avila, Eskin and Viana [1] , as the starting point of on ongoing project dealing with the continuity of Lyapunov exponents for random product of matrices in dimension higher than 2. This argument allow them to provide an alternative proof for [6] . We refer the reader to Chapter 10 of [24] for a detailed explanation in that setting. Roughly speaking, they use the tools of coupling and energies to prove that the expanding point of P(A) defined by the stable subspace associated to λ − (A) is invisible for η if η is the limit measure of a sequence of non-atomic stationary measures η k .
In the context of [4] the authors have to deal with a more general situation since they have a non-atomic measure m k x in P 1 for every x ∈ Σ u . However, it is possible to extend the energy method using Proposition 7.4: m k x → m x uniformly. Therefore, they consider a suitable family of sets U x and apply the argument to the measures {m k x | Ux } x∈Σ . Their approach is closer to the higher dimensional version in [1] , since they consider additive Margulis functions to conclude their result.
A special case of the energy method, using an explicit estimation, was used by Tall and Viana [22] to study the moduli of continuity of Lyapunov exponents of random products of matrices in dimension 2. See also Appendix A of [25] . Proof. SinceÂ is a locally constant cocycle, then there exists a function A : {1, ..., d} → SL(2, R) such thatÂ(x) = A(x 0 ). Observe that this implies thatÂ admits uniform invariant holonomies and both of them are the identity.
Suppose thatÂ is a discontinuity point for the Lyapunov exponents, then λ + (Â) > 0 > λ − (Â) and we can define measuresm s andm u as in Equation (6). Proposition 6.2 states that every P(Â)-invariant measure is an su-state, in particular,m u is an su-state. SinceÂ admits uniform invariant holonomies, Proposition 4.4 gives us that ξ :Σ → P 1 , defined as ξ(x) = suppm û x is a continuous section invariant by P(Â) and both holonomies.
Since the uniform invariant holonomies are both the identity, we have that ξ(x) = E where E ∈ P 1 for everyx ∈Σ. Here is where we use thatM is a full shift.
Finally, asm u is a P(Â)-invariant measure, we have that forx almost every point P(Â(x)) * m û
x =m û f (x) .
Moreover, since ξ is continuous, we have that P(Â(x))E = E for everyx ∈Σ. However, if the projectivization ofÂ has a fixed point, thenÂ has an invariant subspace, which contradicts the hypothesis of irreducibility and concludes the proof of the Theorem B.
